In earlier work the reggeization of approximate dynamical groups has been presented as a calculational method for classifying particles and evaluating S-tnatrix elements at high energies. In continuation of this work, a specially simple model is considered where just one invariant of the higher U(6) x U(6) approximate symmetry, quark-plus-antiquark number is reggeized. The resulting classification of particles (according to their quark content) into exploding supermultiplets of spin and unitary-spin and the formulae for computing S-matrix elements are given for high energies where an exchange of an N-plane trajectory in the cross channel may be expected to dominate the scattering. The hope is that this analysis may help reduce the large number of parameters now used in Regge theory by combining Regge ideas with higher symmetries.
The type of Fourier expansion on a higher approximate symmetry group and the Regge technique used here for evaluating asymptotic behaviour may possess wider applications than the case considered in this paper.
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REGGEIZATION OF QUARK NUMBER

A REGGE MODEL OF HIGHER SYMMETRIES
The Regge method in strong interaction physics originated in the study of the S-matrix for complex values of angular momentum, and has recently met with a certain number of successes in describing elastic and inelastic two-body reactions. Even where it has succeeded, however, it has been necessary to admit a large number of residue parameters with no guiding principle to limit their arbitrariness. A similar situation prevailed in the absorption model description of lowenergy scattering; recently, however, higher supermultiplet theories (and in particular U(6, 6)) were used with fair success to constrain strongly the values of the coupling constant parameters that entered into the Born approximation. One may expect that a marriage of supermultiplet schemes with Regge theory would be desirable in that it may suitably reduce the number of Regge parameters. We shall describe 2) below one attempt at obtaining these correlations based upon a supermultiplet scheme that reggeizes the quark number.
The basis of our scheme is the following. Angular momentum is but one of the conserved quantities on which S-matrix depends. In particular, if a system possesses a higher spin-containing symmetry, there may be other conserved quantities (Casimir invariants of the relevant symmetry group) which it may be more profitable to complexify and reggeize. For example, with the hydrogen atom it is well known that one obtains a deeper insight into the dynamics of the bound states if it is the principal quantum number (connected with the well-known O(4) symmetry of the system) that is reggeized rather than the angular momentum. For hadron physics the U(6) ® U(6) group appears to be an approximate symmetry for classification of particles. The analogy of the principal quantum number for the hydrogen case here would seem to be with the total quark number N (half the number of quarks plus antiquarks) and an analogous reggeization of this number appears to be -2-indicated. One may now go further and explore the dynamical consequences for high-energy scattering of such a reggeization procedure and it is this aspect of the scheme in terms of its practical 3) applications which we wish to stress in this paper ii) To evaluate the high-energy behaviour of scattering amplitudes we make the Regge assumption that the amplitude is dominated by the contributions from an exchange in the crossed channel of these master trajectories. The residue functions automatically satisfy U w (6) invariance.
It appears that this Regge model will provide a reasonably restrictive theoretical framework for analysis of experimental data.
Naturally this theory will not provide any antidote to the obvious failures of conventional Regge techniques nor will it provide a fundamental answer to the unitarity difficulties which beset supermultiplet schemes. But it does give the possibility of building unitarity into the formalism as this is always done in Regge theory, i.e. mainly through the signature 4) factor. The new formalism will^however, certainly provide relations between presently used Regge residue parameters.
PARTIAL WAVE EXPANSION IN U(6) ® U(6)
The basic ideas of the approach were described in I and II. Here we shall present a simplified version of the generalised expansion technique, proceeding by direct analogy with the conventional partial wave expansion of the S-matrix, The conventional partial wave expansion can be understood either as a consequence of rotation invariance of the S-matrix -and this of course is the deeper point of view -or, alternatively, as a mathematical expansion in terms of an appropriately chosen complete set of functions. It is this latter point of view that we wish to stress in this paper.
The rotation symmetry of the S-matrix manifests itself in the following ways: The completeness of f n means that a one-one correspondence between T and T(0) exists. If we know nothing about the rotational invariance of the S-matrix but simply that conditions b) and c) hold as empirical experimentalfacts,it is appropriate to choose the complete set of functions f n to be the two -labelled function d> >, (6) satisfyinĝ 1 M(0) = 6 \ -it > as one w ell knows, a class of such functions is given If we multiply expressions (2. 5)or{2. 5') by the signature factors (1 ± e lira ) we shall be taking some account of unitarity in the sense that absorptive effects on the high-energy amplitude are incorporated through this.
ROTATION FUNCTIONS IN U(6) ®U(6)
Any further progress requires a practical knowledge of the J^T I r,(0) functions which appear in (2. 5'). This section is devoted to 2)10) their computation and tabulation.
The first and most direct method would ii) Tied to i) is the problem of kinematical constraints on canonical basis amplitudes T, w . in passing from one channel to another.
In the M-function approach these constraints are automatic (after contraction over the wave functions) and need not be considered separately providing that the invariant amplitudes in M are kinematic singularity free.
iii) The use of the relativistic basis f A . . . A M ^> permits us to discuss in a simple manner the case where the total four-momentum vanishes.
Moreover off-mass-shell continuations appear to be more straightforwardly carried out for M-functions than for T, w ..
(iv) Thr-most important advantage of using M-function approach is that symmetry-breaking prescriptions can be readily formulated, particularly the symmetry breaking which comes about through using physical masses of particles rather than mean masses of multiplets and which affects even the Clebsch-Gordan coefficients (W 1 W I W). This is not easy to do after one has passed to T, w . . The d(0) functions may be calculated by inserting a general pole contribution specified by the quark number N into the scattering diagram.
Before carrying out the contraction over external wave functions one meets N d (0) with a certain number of U(6, 6) indices (the number depending on the external particles alone). It is these which we list below for some N simple cases rather than the contracted forms d .
Take the case of meson (B = 0) exchange first and various simple examples.
There are two separate contributions to the amplitude corresponding N N to the canonical functions d.. 1 
and a
. The amplitude is therefore
described by the general linear combination 
This is a generalization of process 2), the amplitude now containing a double derivative:
The single differentiation formula has been written above; the double differentiation gives One may replace C exactly by Ed P ; if we further decide to Since at present we have no reliable theoretical means for computing mass formulae -except perhaps as tadpole effects or as estimates from secondorder self-energy graphs written in the language of current algebra -we have to take the trajectory parameters from experiment. This is a weakness of the present scheme.
RELATIVISTIC ASPECTS OF U(6, 6)
Just as for forward scattering of equal-mass particles, the little group enlarges from O(3) toO(3,l), likewise here U(6) ® U(6) enlarges to -16-U(6, 6) itself. TheO(3,l) partial wave analysis at P = 0 which was originally carried out by TOLLER can similarly be done here for U (6, 6) .
Following the method of FREEDMAN and WANG one first shows, for a certain unphysical range of a , that one may deal with the compact group structure U(12) rather than U(6, 6) so far as partial wave analysis and reggeization are concerned, continuing back later to physical values of s.
Denoting the U(12) rotation functions by cCj ( 6) where t/C and N stand, respectively, for the set of U(12) and U(6) © U(6) Casimirs ; one can make the expansion at P =0, The important point to note about the Gribov doubling is that whereas for fermions it always leads to parity-doubling ((56,1) ~* (1, 56)) (the two states have opposite parity ) this is not necessarily the case for mesons;
(consider (6, 6) -»(6~, 6); parity of the two states is the same).
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B. Parity doubling for mesons
In addition to Gribov doubling {which, as remarked above, does not lead to parity doubling for mesons), another peculiarly Toller-like phenomenon of parity doubling for mesons does take place. This is the doubling implied, for example, for the 143 by (6,6) + (6, 6)=^>{1, 35) + (35, 1). This is analogous(but not the same)as the parity doubling phenomenon for
Toller's theory of SL(2, C) when for mesons one may expect parity degeneracy whenever the Lorentz quantum number M in Toller's notation does not equal zero. Perhaps one way to understand this new doubling is to remark that the chiral subgroup U(6) x U (6) group of U(12) as non-chiral U(6) x U (6) is as equally a subi /
As we have seen above
•>o
for reggeization U(6, 6) and U(12) possesscompletely interchangeable roles; one may start with either group and pass to the other by continuations in s and t variables. One may expect the theory therefore to exhibit doubling associated both with the chiral as well, as non-chiral subgroups.
All this is not too clear at present. What we seem to have i» thai within an S-matrix approach, at the point P = 0, one can resolve the old dilemma of chiral U(6) x U(6) being a symmetry at the same time as well as U(G) x U(6) non-chiral.
THE OUTLOOK
It must be admitted that it needs trepidation and courage to propose a theory of the type suggested here where the expectation is that higher symmetries may exhibit themselves best in giving a coherent description 21) of Regge residues. . This is because, on superficial evidence, the major necessary condition for the theory -the existence of a string of higher supermultiplets lying on the master trajectories -seems unfulfilled.
Unfortunately the situation in this regard may remain unchanged for a number of years. In practical applications of the theory, one difficulty has been noted in Section 4. This is the difficulty associated with symmetrybreaking effects in mass formulae and the trajectory shifts these can produce, so that the trajectory parameters must at present be taken from experiment, A second difficulty is connected with the general reggeization programme. The Regge pole model, even with its large number of parameters, has spectacular failures as well as successes.
The failures have been attributed to kinematic effects, imperfectly understood so far,and to the fact that pion exchange effects (perhaps on account of their exceptionally long range) appear less amenable to a
Regge treatment and more to absorption or coherent droplet-models.
The reggeization scheme presented in the present paper will inherit the conventional kinematical structure. To be sure, though,there will benew features, like the threshold factor (jq'| ]q|) rather than the conventional factor (Iq'j jql) , mentioned in Section 4, and the new zeros contained in & of eq. (4.1) as well as the new features which will arise from a . 23) consideration of sense and nonsense phenomena anew in the present case. , It is possible that a Toller-like programme may provide, here as in conventional Regge theory, one way to define singularity-free amplitude.
It is perhaps worth remarking that something mathematically similar to a Toller expansion of conventional amplitudes in terms of O(4) rotation 17) functions is automatically included in our formalism, through the U(2) x U(2) subgroup of U(6) x U(6). Even though U(2) x U(2) has a completely different physical significance from O(3,1), the rotation functions for the two cases are identical.
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Whether this feature is enough to take care of all kinematic singularities automatically, we do not know.. ' Only experience with the formalism can tell.
3 ) To expand on this point, it has been stressed before ' , that the U(6, 6) theory has two relatively disconnected features; • first, the obvious, it includes the internal symmetry SU(3); second and unfortunately the less emphasized but in our view the more important i.e. the extension of the space-time Lorentz structure SL(2, C) to the bigger (perhaps coniormal) structure U(2, 2). This extension U(2, 2) X 0(4, 2) increases the number of "space-time" Casimirs from the two well-known ones of SL(2, C) to three of U(2,2). It was pointed ou,t in Ref. To describe the approaches and their interrelations let us briefly recall the group structure they use in order to explain the detailed differences.
To begin with, there is the U(6, 6) algebra which is isomorphic to the algebra generated by the 16 Dirac matrices y multiplied into nine SU{3) matrices T :
<, 1 ,*,,*,?/ (The Lorentz sub-algebra is generated by or and 7,0, ,} Four translations P are adjoined to U(6, 6) whose commutation property is obtained through the isomorphism P • = y . For processes involving one (timelike) vector P_ = y Q the subgroup of U(6, 6) which commutes with y is the "little" group U{6) ® U(6) which consist of (1» T n * ? * y n 2) T • Collinear processes confined to the 0-3 plane require the "lesser" group which commutes with the pair of vectors y n and y~, this is U(6), ir and consists of (1, cr_, y_ f., y n cr ) T (for the Lorentz case the analogous subgroups are SU (2) consisting of cr and the helicity group U{1) consisting of or alone). W-spin is thus the generalized o helicity of U(6, 6). Finally, there are the coplanar processes confined to the 013 subspace whose "least" group is U(3) ® U(3) made up of (l t y Q cr ) T ;
this has no analogue in the Lorentz group case.
So much is common ground. However the four approaches differ in the concrete realizations which they give to the generators of U(6,6) and the way the translations P are handled.
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1.)
Firstly there is the simple field-theoretic approach'" ' based on a Lagrangian formulation of U(6) $> U(6) multiplets, e. g. the quark Lagrangian 
31) 2)
The second approach was suggested by a number of authors and developed in particular by Fronsdal and his collaborators.
Here the full noncompact U(6, 6) may be taken as a rest symmetry with the consequence that there must exist an infinity of particle states corresponding to representations of U{6) ® U(6) all having the same mass. The subgroup hierarchy provides exact invariance groups for the relevant processes; unitarity also is exactly satisfied but only in the mass degenerate limitas soon as mass differences are introduced between different particle states unitarity disappears. It is clear that reggeization of approach 1) and its interpretation as a summation over an infinity of particle states brings closer together approaches l) and 2).
3)
The third approach is based on current algebras and is wide enough to encompass either 1) or 2). Unhappily there exists no model, however idealised, for which the cha rges defined from the full set of U(6) ® U (6) currents are conserved.
4)
The last approach is the inhomo^cneous U(6, 6) theory of BELL and RUEGG and CHARAP, MATTHEWS and STREATER ' which adjoins 143 11) The exact form of the general formulae,which take into account also the background terms when N is complex, will be the subject Also, as Jackson himself noted, jio account was taken in his analysis of mass differences due to symmetry breaking. As pointed out in iv) of Section 3, the use of M-function formalism is superior for this reason to the direct W-spin formalism since it allows mass differences to be taken account of in the residues.
14) Barut has given a one-parameter mass formula for mesons in the traceless SU(3) form The constant C which guarantees tracelessness depends on SU(3) Casimirs and equals +1 for octets and 8/3 for ^y-folds. The formula fits the known octets with accuracy and would predict a mass more than 300 MeV higher fo for the spin two doubly charged 27's.
It is also worth remarking that the leading trajectory never contains 10, 10, 35, 35 or other non-self-con jugate murtiplets erf 3U(3). This means that th" exchanges of such multiplets are definitely suppressed at high energies. 
